We consider several orbifold compactifications of M-theory and their corresponding type II duals in two space-time dimensions. In particular, we show that while the orbifold compactification of M-theory on T 9 /J 9 is dual to the orbifold compactification of type IIB string theory on T 8 /I 8 , the same orbifold T 8 /I 8 of type IIA string theory is dual to Mtheory compactified on a smooth product manifold K3 × T 5 . Similarly, while the orbifold compactification of M-theory on (K3 × T 5 )/σ · J 5 is dual to the orbifold compactification of type IIB string theory on (K3 × T 4 )/σ·I 4 , the same orbifold of type IIA string theory is dual to the orbifold T 4 × (K3 × S 1 )/σ · J 1 of M-theory. The spectrum of various orbifold compactifications of M-theory and type II string theories on both sides are compared giving evidence in favor of these duality conjectures. We also comment on a connection between Dasgupta-Mukhi-Witten conjecture and Dabholkar-Park-Sen conjecture for the six-dimensional orbifold models of type IIB string theory and M-theory. *
Introduction:
During last one year or so a large number of dual pairs involving string theories [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] , M-theory [11] [12] [13] and F-theory [14, 15] have been constructed by assuming that the orbifolding procedure commutes with duality. In this process, once a dual pair is identified one can obtain another dual pair by further compactifying the theories on an internal manifold M and then modding out the original pairs by a combined group of discrete symmetries representing an internal symmetry transformation of the original theories as well as any geometric action (s) on the internal manifold. There are, however, notable examples where this procedure breaks down. In fact, all the different cases of constructing dual pairs through orbifolding procedure have been classified by Sen [9] . They fall into three categories depending on whether the geometric action 's' acts freely (without fixed points) on the internal manifold M or not or whether it acts trivially on M and has been referred to as categories 1, 2 and 3 respectively. (There are some subtleties involved in this procedure for more general orbifold group Z N with N > 2 [16] [17] [18] [19] [20] .) The cases where orbifolding procedure is known not to commute with duality fall into category 3 [9] . It has been shown in [9] through a number of examples in string theory, that this procedure of obtaining dual pairs works for the cases 1 and 2. One of the interesting aspects of this classification is that when the orbifolding procedure falls into categories 1 and 2, it gives sensible dual pairs even when the original dual pairs involve M-theory (if we take M-theory by definition as the strong coupling or the large radius limit of type IIA string theory) and was also emphasized in [12] . This is quite remarkable since this way one can connect various compactifications of M-theory to the known compactifications of string theory and extract certain properties of the former without knowing much about its world volume theory.
In this paper, we study examples of dual pairs involving M-theory and type II string theories in two dimensions which can be obtained from the M-theory definition * (i.e. the equivalence of M-theory compactified on S 1 and type IIA string theory when the radius of the circle goes to zero) through orbifolding procedure of category 2 in the classification made by Sen. It has been conjectured by Dasgupta and Mukhi [22] and also by Sen [12] theory on K3 × T 4 , M-theory on T 4 × T 5 /{1, J 5 } and M-theory on K3 × T 5 . We thus find the equivalence of type IIA theory compactified on two completely different internal spaces namely, one is an orbifold and the other is a smooth product manifold. We also show how the spectrum of type IIA theory on T 8 /{1, I 8 } can be reproduced from the K3 × T 4 compactification. In the former case as also shown by Sen [9] there is a tadpole contribution [23, 24] since the Euler charactersitic of the internal space T 8 /{1, I 8 } is nonzero whereas in the latter case there is no tadpole since the Euler characteristic of K3 × T 4 is zero.
Next, we consider another two dimensional orbifold model (K3 × dictated by the condition of gravitational anomaly [26] cancellation. These fermions also remain inert under supersymmetry. We show how this spectrum can be reproduced in the above mentioned type IIB orbifold model. As in the previous case, we then look at the same orbifold (K3 × T 4 )/{1, σ · I 4 } of type IIA string theory. By using the self-duality symmetry of type IIA string theory compactified on T 4 which exchanges
this model can be shown to be equivalent to an orbifold model
We study the spectrum of these two models and show that they match if we take into account the tadpole contribution of the orbifold model of type IIA theory.
This type IIA orbifold model has a gravity multiplet and 40 scalar multiplets of the nonchiral (4, 4) supersymmetry of which 16 scalar multiplets come from the one-loop tadpole contribution of the Neveu-Schwarz-Neveu-Schwarz (NS-NS) sector antisymmetric tensor field.
Sen in ref. [27] conjectured that a six dimensional orbifold model of M-theory on (K3 × S 1 )/{1, J 1 · σ} is equivalent to an orientifold/orbifold model of type IIB theory on K3/{1, Ω · σ} ≡ K3/{1, (−1) F L · σ} considered by Dabholkar and Park [28] . We refer this conjecture to be Dabholkar-Park-Sen (DPS) conjecture. Here Ω denotes the world-sheet parity transformation which is a symmetry of the type IIB string theory. The symmetries Ω and (−1) F L are conjugate to each other by the SL(2, Z) invariance of the type IIB theory in ten dimensions. The spectrum in the two theories match in an interesting way as was shown in ref. [12] . We here comment on how this conjecture can be seen to follow from Dasgupta-Mukhi-Witten [22, 29] 
Again the spectrum matches after we take into account the tadpole contribution on the type IIA side. Finally, in section 4, we comment that DPS conjecture between orbifold models of type IIB theory and M-theory in six dimensions can be obtained from DMW conjecture through orbifolding procedure and assuming that it commutes with duality.
Discussions and conclusions are presented in section 5.
Orbifolds of Two Dimensional Toroidal Compactification of M-Theory and Type II String Theories:
In this section, we study the orbifold models of some two dimensional toroidal compactification of M-theory and their corresponding duals in type II string theories. In the first part, we show that the orbifold model T 9 /{1, J 9 } of M-theory is dual to the orbifold model T 8 /{1, I 8 } of type IIB string theory. We compare the massless spectrum on both sides giving evidence in favor of this conjecture. In the second part, we show that the same orbifold model T 8 /{1, I 8 } of type IIA string theory is equivalent to a series of two dimensional orbifold models of M-theory and various other string theories. Interestingly, this particular orbifold model is shown to be equivalent to type IIA theory compactified on a smooth product manifold K3 × T 4 . We compare the massless spectra in these two models and find that they match in an interesting way.
2.1 M-Theory on T 9 /J 9 and Type IIB Theory on T 8 /I 8 :
The duality between the two dimensional models of M-theory and type IIB theory in the title of this subsection has been conjectured by Dasgupta and Mukhi [22] and also by Sen [12] . Here J 9 ≡ J 1 · I 8 is a discrete symmetry in M-theory [30] which changes the sign of all the nine coordinates of T 9 and also the sign of the three-form gauge field present in M-theory. The spectrum for the M-theory model has been obtained in ref. [22] by making use of the condition of the two dimensional gravitational anomaly cancellation.
We will show in this subsection how the same spectrum can be reproduced in the type IIB model on T 8 /{1, I 8 }. We first like to point out that this duality conjecture can be understood from the M-theory definition i.e. we take M-theory compactified on S 1 as equivalent by definition to type IIA string theory when the radius of the circle goes to zero. We now further compactify the theories on T 8 and mod out the M-theory by the symmetry group {1, J 1 · I 8 } ≡ {1, J 9 } and the type IIA theory by the corresponding
Since the compact space T 9 /{1, J 9 } has the structure of S
we get the following equivalence by applying the duality conjecture fiberwise [5] :
Note that the orbifolding procedure falls into category 2 of Sen's classification. Now The massless spectrum of the M-theory model on T 9 /{1, J 9 } was shown in ref. [22] to consist of apart from a gravity multiplet, eight scalar multiplets of (0, 16) supersymmetry of the model and 128 antichiral bosons which remain inert under the supersymmetry. In order to cancel the gravitational anomaly it was found that one requires 512 antichiral M-W fermions which come from the 512 fixed points of I 9 on T 9 of the model. Thus summarizing the massless spectrum including the untwisted as well as the twisted sector states we have:
† By looking at the massless spectrum it can be easily checked that the symmetry J 1 in M-theory has the same effect as (−1)
FL in the type IIA theory. * This effect can also be checked by comparing the massless spectrum in both type IIA and type IIB models.
128φ − and 512λ
−
Note that the graviton and the gravitino have formally −1 degree of freedom in two dimensions and so, the graviton has to be compensated by a scalar and a gravitino has to be compensated by a spin 1/2 M-W fermion. Here we have generically denoted the scalars by φ and M-W spin 1/2 fermions by λ. Also the superscripts (+, −) indicate, respectively, the (chiral, antichiral) bosons and fermions. We will reproduce this spectrum in the type
The massless spectrum of type IIB string theory in ten dimensions contains a graviton g µν , an antisymmetric tensor field B
µν and a dilaton φ (1) in the NS-NS sector. In the R-R sector it contains another antisymmetric tensor field B
µν , another scalar φ (2) and a four-form gauge field A − µνρσ whose field strength is antiself-dual. In the NS-R sector it has an antichiral gravitino ψ In the second part of this section, we show that an orbifold model of type IIA string theory on T 8 /{1, I 8 } is non-perturbatively equivalent to M-theory model on K3 × T 5 which, in turn, is equivalent to type IIA theory on K3 × T 4 . So, we have an equivalence between the same theory compactified on two different internal spaces, one is an orbifold whereas, the other is a smooth product manifold. Note that unlike in type IIB case, this equivalence is intuitively possible since type IIA theory compactified either on T 8 /{1, I 8 } or on K3 × T 4 gives non-chiral theories in two dimensions with (8, 8) supersymmetry.
The equivalence of these two models can be understood in several ways. First, if we start from the M-theory definition, then,
Now splitting the eight dimensional torus T 8 as a product of two four dimensional torus
′ as well as splitting I 8 ≡ I 4 ·I ′ 4 and then using the self-duality symmetry of type IIA string theory on T 4 which changes the geometric symmetry I 4 on T 4 to (−1) F L we can recast the above M-theory model to the M-theory model on (
F L in type IIA theory by J 1 in M-theory. Thus we arrive at the equivalence:
The M-theory model in eq. (4) is equivalent, by DMW conjecture, to type IIB theory on T 4 × K3. By T-duality this type IIB model is also equivalent to type IIA theory on T
4
× K3 which, in turn, is equivalent to M-theory compactified on K3 × T 5 . Thus we have the following chain of equivalences between various models:
We can also understand the equivalence of the models mentioned in the title of this subsection if we start from the equivalence of type IIB model on
where Ω is the world-sheet parity invariance of the type IIB theory. These models were shown to be equivalent by Sen [9] as (−1) F L gets precisely converted to Ω by the SL(2, Z) invariance of the type IIB string theory in ten dimensions.
The first theory is equivalent to type IIA theory on T 8 /{1, I 8 } and the second theory is equivalent by R → 1/R duality transformation on all the circles of T 8 to type IIB theory on T 8 /{1, Ω}, which is nothing but type I theory on T 8 . By the ten dimensional stringstring duality of type I and heterotic string theory with gauge group SO (32) We now show that the massless spectra in the two different type IIA models on T 8 /{1, I 8 } and K3 × T 4 , indeed, are the same. The massless spectrum of type IIA string theory in ten dimensions has a graviton g µν , an antisymmetric tensor field B µν and a dilaton φ in the NS-NS sector while in the R-R sector it has a gauge field A µ and a three-form antisymmetric tensor field A µνρ . In the fermionic sector it contains a positive chirality gravitino ψ + µ and a positive chirality M-W spinor λ + in the NS-R sector, whereas in the R-NS sector it has a negative chirality gravitino ψ − µ and a negative chirality M-W spinor λ − .
We first consider the orbifold model of type IIA string theory on T 8 /{1, I 8 }. This model has already been studied by Sen in ref. [9] . We will study this model in more detail and from a different point of view. In the bosonic sector of this type IIA reduction, we will get in 2d one graviton g µν and 36 scalars from the ten dimensional graviton, we also get 28 scalars from B µν and one scalar from the dilaton. Note that both A µ and A µνρ will not give any scalar in 2d since they change sign under I 8 . Thus we have one graviton, one dilaton and (36 + 28) = 64 scalars in the bosonic sector. In the fermionic sector, we will get from the ten dimensional gravitino ψ (g µν , φ, 8ψ
It can be easily checked that there are no massless states in the twisted sector of this theory. The massless states in the twisted sector can only arise in the R-R sector since the left or right moving fermions in the NS sector gives vacuum energy greater than zero.
But the R-R sector ground state in this case does not survive GSO projection [9] .
In studying the consequences of the six-dimensional string-string duality between type IIA string theory on K3 and heterotic string theory on T 4 , it was found by Vafa and Witten [23] that certain two dimensional compactifications of string theories are inconsistent because of the presence of tadpoles of the NS-NS sector antisymmetric tensor field. In these computations of tadpoles, it was realized later by Sethi, Vafa and Witten [24] that the tadpole contribution is simply proportional to the Euler characteristic χ of the compact eight dimensional manifold divided by 24. It was, therefore, argued that the two dimensional compactification of string theories can be made consistent by introducing χ/24 number of one-branes in the internal space. So, if χ is not divisible by 24 or is negative † , then the tadpoles can not be removed and the corresponding two-dimensional compactification remains inconsistent.
The two dimensional type IIA compactification we are discussing also contains oneloop tadpole from the NS-NS sector antisymmetric tensor field. The tadpole contribution in this theory can be easily calculated by computing the Euler characteristic of the eight
The result is * [31] :
where χ(T 8 ) = 0, 256 is the number of fixed points in this model and 2 is the order of the symmetry group. Thus we find that the tadpoles can be cancelled by introducing 384/24 = 16 elementary type IIA strings in the internal space as noted also by Sen [9] using different method. The collective coordinates of the 16 type IIA strings with (8, 8) supersymmetry will give 128 bosons, 128 positive chirality and 128 negative chirality fermions as additional massless states. Adding these states in (7), we find the complete massless spectrum of type IIA theory on T 8 /{1, I 8 } to be:
Thus this model has (8, 8) supersymmetry and 24 scalar multiplets alongwith a gravity multiplet.
We will see that the same spectrum can be reproduced by compactification of type IIA theory on K3 × T 4 . Under K3 reduction g µν gives one graviton and 58 scalars in † When χ is negative one requires anti-branes to cancel the tadpoles. Since anti-branes carry wrong chirality matter multiplets this breaks the supersymmetry of the model but the compactification could be consistent [24] .
* This should be understood as the Euler characteristic of the smooth manifold formed after blowing up the orbifold as usual. that the two models are non-perturbatively equivalent. For a perturbative T-duality we expect the spectrum to match separately at every perturbative level.
Orbifolds of Two Dimensional Compactification of M-Theory and Type II String Theories Involving K3:
In this section, we study some orbifold models of two dimensional compactification of M-theory and type II string theories involving K3. In the first part of this section,
we consider an orbifold compactification of M-theory on (K3 × T 5 )/{1, σ · J 5 } and show that it is equivalent to the orbifold compactification of type IIB string theory on (K3 evidence in favor of this duality conjecture. In the second part, as in the previous section, we show that the same orbifold model of type IIA theory is dual to an orbifold compact-
We compute the massless spectra of these two models and show that they match if we include the tadpole contribution on the type IIA side. 
by applying duality conjecture fiberwise [5] we get the equivalence:
Here σ denotes an involution on K3 surface. This involution has been used [32] to construct the type IIA dual of the maximally supersymmetric six dimensional heterotic string compactification of Chaudhuri, Hockney and Lykken [33] . By constructing a special K3
surface it has been shown in [32] that σ changes the sign of the 8 harmonic Note again that the orbifolding procedure falls into category 2 of Sen's classification.
In order to compare the massless spectrum of these two models, we mention that that the spectrum for the M-theory on (K3 × T 5 ) /{1, J 5 · σ} has already been obtained by Kumar and Ray in ref. [25] . It has been found that this model contains a gravity multiplet, 
256λ

−
We now see how the same spectrum can be obtained from the type IIB model on (K3 × T 4 )/{1, σ · I 4 }. Since various K3 reductions of type IIB string theory has been performed in detail in ref.
[34], we will be brief here.
We first consider the bosonic sector of type IIB string theory. The massless spectrum for the ten dimensional type IIB string theory is given in the previous section. The ten dimensional graviton will give one graviton in 2d, 10 scalars from T 4 reduction which remain invariant under I 4 and 34 scalars from K3 reduction which remain invariant under
µν we get six scalars from T 4 and 14 scalars from K3 since 14 out of 22 twoforms remain invariant under σ. From the dilaton φ (1) , we get one scalar in 2d. In the R-R sector, we get one scalar from φ (2) . We also get 20 scalars from B
µν , 6 from T 4 reduction and 14 from K3 reduction. Finally, from A − µνρσ , we get one scalar in 6d for K3 reduction half of which comes from dualizing A − µνρσ corresponding to (0, 0) form on K3 and another half comes from (2, 2) form on K3. This gives one scalar in 2d. We also get from it 11 self-dual two-forms and 3 anti self-dual two-forms corresponding to 11 anti self-dual twoforms and 3 self-dual two-forms on K3 that remain invariant under σ. These two-forms, in turn, will give (6 × 11 + 6 × 3) = 84 half-scalars or 42 scalars under T 4 reduction. Thus altogether we have, one graviton, one dilaton and (10+34+6+14+1+6+14+1+42) = 128 scalars in the bosonic sector.
In the fermionic sector, we get from ψ Thus the complete spectrum can be arranged as a gravity multiplet (g µν , φ, 8ψ
16 scalar multiplets (8φ + , 8λ + ) and (128φ − , 64λ − ) which remain inert under (0, 8) supersymmetry of the model. This is the identical spectrum for the corresponding M-theory model in the untwisted sector. It can be easily checked that this spectrum is anomalous.
In this case we find that for the spectrum to become anomaly free we need 128 antichiral bosons. The spectrum then satisfies I 3/2 : I 1/2 : I s = −4 : 36 : −128 = 1 : −9 : (23 + 9) and is anomaly free. Since we have precisely 128 fixed points in this orbifold model (σ has eight fixed points on K3 and I 4 has sixteen fixed points on T 4 ), so, each fixed point will contribute an antichiral boson in the spectrum. The twisted sector of the type IIB model on (K3 × T 4 )/{1, σ · I 4 } has been obtained by Sen in ref. [9] and it was found to contain 128 antichiral bosons as we found from the anomaly cancellation. These 128 antichiral bosons can be converted to 256 negative chirality M-W spin 1/2 fermions by bose-fermi equivalence and thus we find that the spectrum precisely matches with that of the M-theory model as obtained by Kumar and Ray [25] .
It is clear in this case that there are no tadpoles in the two dimensional M-theory 
Now using the self-duality symmetry of type IIA theory on T 4 which exchanges I 4 to (−1) F L we can convert the above M-theory model to M-theory on (
Since the orbifold group {1, σ · J 1 } does not act on T 4 , we can extract it out to write
'proving' the proposed duality conjecture. Note that this M-theory model is equivalent, by DPS conjecture, to type IIB theory on
We now compute the massless spectra of both the models. Let us first look at the M-
The six dimensional orbifold model of M-theory on (K3 × S 1 )/{1, σ · J 1 } has already been studied by Sen in ref. [27] . It has been found that this model contains apart from a gravity multiplet (g µν , ψ chiralities. We can arrange the complete spectrum in a gravity multiplet and 40 scalar multiplets of (4, 4) supesymmetry in 2d as follows,
We will see in the following that an identical massless spectrum can be reproduced in the two dimensional orbifold model of type IIA theory on (K3 × T 4 )/{1, σ · I 4 }. The massless spectrum of type IIA string theory in ten dimensions has been given in section 2.2. We here consider the reduction. The ten dimensional graviton will give a six dimensional graviton and 34 scalars after K3 reduction which remain invariant under σ. They, in turn, will give one graviton and 10 scalars for T 4 reduction which remain invariant under I 4 . We will also get 34 scalars in 2d from 34 scalars in 6d. The ten dimensional antisymmetric tensor B µν will give one antisymmetric tensor and 14 scalars for K3 reduction which remain invariant under σ. In 2d they will give 20 scalars, six of which come from T 4 reduction of B µν in 6d. The ten dimensional dilaton will give one scalar in 2d. In the R-R sector the vector gauge field will not give any scalar in 2d since it changes sign under I 4 . From the three-form gauge field we will get, in six dimensions, one three-form gauge field, 14 vector gauge fields which remain invariant under σ and 8 vector gauge fields which change sign under σ. The three-from gauge field and 14 vector gauge fields will not give any scalar for T 4 reduction since they change sign under In the R-NS sector after the reduction, we will get the identical fermionic states with opposite chiralities. So, altogether we have 4 gravitinos of positive and 4 gravitinos of negative chiralities. We also have (16 + 48 + 32 + 4) = 100 positive and 100 negative chirality M-W spin 1/2 fermions. Therefore, the states in the untwisted sector can be arranged as a gravity multiplet and 24 scalar multiplets as follows:
(g µν , φ, 4ψ 
This is precisely the spectrum we have obtained for the orbifold compactification of Mtheory on T 4 × (K3 × S 1 )/{1, σ · J 1 } and thus provides evidence in favor of the duality conjecture proposed in the title of this subsection.
DPS Conjecture from DMW Conjecture:
It has been conjectured by Dasgupta and Mukhi [22] and also independently by Witten By definition M-theory compactified on S 1 is equivalent to type IIA theory. We then further compactify both theories on K3 and mod out M-theory by the combined group of discrete symmetries {1, J 1 ·σ} and type IIA theory by the corresponding image {1, (−1)
Since the space (K3 × S 1 )/{1, J 1 ·σ} has the structure S 1 fibered over K3/{1, (−1)
σ}, by applying duality conjecture fiberwise we get the following equivalence:
Now by going to the orbifold limit of K3 we write the right hand side of (18) as type 
Then we mod out the type IIB theory on K3 by the symmetry group {1, (−1)
by {1, (−1) F L · η · I 4 } on T 4 /{1, I 4 } and M-theory by the corresponding image {1, η · I 4 }.
If we assume that the orbifolding procedure commutes with duality in this case we arrive at the following equivalence
We now trade in the coordinates
then in terms of the new coordinates we have the left hand side of (20) as M-theory on
Thus we have arrived at DPS conjecture starting form DMW conjecture.
Note that in 'deriving' DPS conjecture this way we have directly taken the orbifold projection without further compactifying the theories on another manifold. So, for this case the orbifolding procedure falls into category 3 of Sen's classification, where it was mentioned that the duality conjecture for the resulting theories is the weakest. In fact, in most of the cases this way of orbifolding does not lead to sensible dual pairs. The reason why it works in this case is because the same duality conjecture, as we have seen, can be obtained from the M-theory definition when the orbifolding procedure falls into category 2.
Discussion and Conclusion:
We both cases, the orbifold group in the dual model has the structure Z 2 × Z 2 and can not be further simplified to a single Z 2 . It has been recognized in ref. [17] that for orbifolding group greater than Z 2 , there are some ambiguities in the analysis of the spectrum and requires a careful study for establishing the duality conjecture. We leave this problem for a separate investigation.
